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ABSTRACT  OF  REPORT  ON  THE  DYNAMICS  OK  AN  UNTUNED  CLOCK  MECHANISM 


Am  a  first  Approach  to  th«  study  of  untuned  clock  aschsnl  sas,  th«  physical 
behaviour  of  ths  vsrgs-itar  wheel  combination  of  the  Luxe  clock  mechanism  was 
studied  by  mans  of  a  scaled- up  nodal,  Differential  aquations  of  notion  for 
tha  notion  wars  d»'**lop#d  and  sola ad*  Carres  shoving  typical  nations  wore  ob¬ 
tained*  The  depanc.noe  of  equilibriun  velocities  (or  equllibriun  tine  delays) 
upon  (1)  applied  torque,  (2)  star  wheel  moment  of  inertia,  (3)  verge  moment  of 
inert 1?,  was  studied.  The  following  eapirloal  equation  for  tine  delay  per 
revolution  is  derived 


T  •  8  f* 
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B  is  a  oonatant  factor  depending  probably  upon  geometrical  shapes  and  distances 
in  the  star  wheel  -  verge  combination. 

Application  of  ths  above  results  to  ths  actual  mechanism  can  be  made* 


*  Motes  The  Lux  clock  was  daaignsd  by  the  Raymond  Engineering  Laboratories  of 
Middletown,  Connecticut,  and  was  ’Manufactured  for  the  National  Bureau  of 
Standarda  by  tha  Lux  Cloak  Manufacturing  Company  °f  Waterbuzy,  Connecticut* 
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I.  INTRODUCTION 


* 
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The  Lux  clock  is  a  device  used  la  ordnance  work  «e  i 
tine  dele/  mechanism.  It  consists  of  a  spring  driven  gear  train 
terminated  toy  a  gear  wheel  called  the  etar  wheel.  The  constant 
applied  torque  of  tho  spring  is  transmitted  through  the  gear  train 
to  the  star  wheel  where  it  appears  as  a  constant  applied  torque  of 
different  magnitude,  unless  otherwise  specified  tha  word  "torque" 
will  refer  to  the  torque  applied  to  the  star  wheel,  and  the 
iemnlader  of  the  gear  train  as  well  as  the  spring  will  neither  be 
shown  In  diagrams  nor  otherwise  discussed.  The  validity  of  this 
method  will  be  demonstrated  later. 

The  teeth  of  this  star  wheel  engage  alternately  one  face 
and  then  the  other  of  an  oscillating  verge.  The  motion  of  this 
verge  In  turn  controls  the  motion  of  the  etar  wheel}  in  particular 
it  d«. amines  an  upper  limit  to  the  mean  velocity  with  which  the 
star  wheel  can  turn. 
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Fig.  1  is  a  simple 
sketch  of  the  etar  wheel 
verge  comblnatloa  used  la 
the  Lux  clock.  Dimensions 
will  be  found  on  prints  Noe. 
485-7,  906-47  of  the  Raymond 
Engineering  Co. 


It  le  assumed  throughout  this  work  that  the  direction 
of  motion  of  the  sterwheel  in  ell  diagrams  Is  clockwise  and  that 
this  is  the  positive  sense  of  rotation  ef  the  wheel.  As  the 
wheel  rotates  through  one  tooth  space  the  verge  oscillates 
counterclockwise  then  clockwise  into  its  original  position.  A 
tooth  on  tha  wheel  (A)  strikes  the  pallet  face  A  on  leadlag 


collision  and  presses  a-ainat  the  pellat  face  A  during  lending 
co*t*et.  Tooth  H  strikes  pellet  face  B  ot  t  trailing  collision 
and  during  trailing  contest.  It  is  our  convention  that  a 

swarttrcloctarioe  rotation  of  the  verge  shall  have  a  positive  snnse, 
a  olaakvic*  rotation  a  negative  sense,  Hie  arrows  on  verge  and 
nfaaal  in  Fig,  1  show  these  positive  anuses. 
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II.  SPACg  HEIATlONSlilfB 

(A)  Vergs  Position  Tarsus  Wheal  Position 

It  la  of  prime  importance  to  know  how  tha  position  of 
the  range  depends  upon  tha  pooltloa  of  t ha  wheel,  thla  completely 
aside  fro*  dynamical  considerations,  We  will  find  is  thla 
aaction  tha  poaalbla  positions  of  tha  Targe  allowed  fay  the  wheel 
under  geomettical  considerations  only.  Tha  discussion  will  alsa 
serve  to  introduce  tha  terminology. 

Rafaranca  to  Tig.  1  la  somewhat  misleading  but  an  exam-* 
inatlon  of  the  actual  teeth  of  tha  star  wheal  will  show  that 
oontact  faatwaan  tooth  and  pallet  face  occurs  wary  nearly  at  tha 
point  of  tha  tooth  rather  than  orar  on  tha  tooth  face.  We  assume 
throughout  that  oontact  occur a  only  at  the  tooth  point. 

Before  proceeding  to  the  calculations  tha  following 
point  should  be  noted.  (Refer  to  Fig.  1)  As  a  tooth  mores  along 
a  pallet  face  it  ooaaa  to  a  position  of  la at  contact.  As  tha  wheal 
aorea,  this  tooth  (aay  A)  slips  free  of  the  rargs.  Since  we  are 
interested  In  the  extreme  geometrical  positions  possible  we  now 
imagine  the  wheel  to  atop  and  the  Targe  to  more  until  we  hare  a 
collision  bstween  tooth  B  and  pallet  face  B.  Again  the  wheel 
morea,  tooth  B  eliding  along  pallet  face  B  until  its  position  of 
last  contact  la  reached,  Oaoa  more  wa  hold  tha  tooth  in  place  and 
allow  the  rarga  to  coma  around  until  a  (new)  tooth  A  strikes  pallet 
face  A.  Again  wheal  mores  so  that  tooth  A  slides  along  pallet 
face  A  until  last  contact.  It  la  for  tha  two  reglens  of  aliding 
contact  (leading  and  trailing)  that  we  shall  lnraatlgata  tha  verge 
position  -  wheal  position  relationship. 
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VERGE  IN  EQUILIBRIUM 


FIG.  * 
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Fig.  £  rerrtjaoiits  the  verge  la  <ia  ey.il  librium  pooitlon.  This 
could  occur  for  either  lending  or  trailing  q»«q,  af  course,  Cartais 
distances  in  this  diagram  are  determined  from  specifications,  Tfcry 
•rot  k  »  distance  from  center  of  rotation  of  verge  (0)  to  center 
of  rotation  of  wheel  (a),  R  -  redlue  oftcirclt  along  which  point* 
of  atar  wheel  teeth  mors.  Anglos  0t  are  also  known  as  ere  the 
coordinates  of  r  and  P' .  It  is  clear  that  point  o  asrvss  as  the 
Origin  for  the  fx,  y )  Goordinatee, 

Ths  equations  of  the  pellet  ^eoes  oan  be  written  in 

the  fom 

X  ooa/c/  ♦  y  slny'C?  ■  p 

P  la  wither  ease  can  be  found  by  ualng  the  known  values  of  , 

(x,  f)  mentioned  above.  * 


Fig.  3  shows  the 
wheel-verge  combination 
et  lest  contact  leading, 
(*1,  yj)  are  coordinates 
of  the  leading  verge 
corner,  0^  la  the  angle 
measured  from  the  y  axle 
to  the  center  line  of  the 
tooth,  designated  by  R. 
An  eagle  such  ns  6g  will 
be  nogotive. 


Wa  wish  to  find  ej,  as  tha  upper  limit  of  e  during  leading 

oontaot. 

Equation  of  pellet  face;  x  cos  $  *  y  sin  -  p  (1) 

x  *  R  oln  e 

Equation  of  tooth  clrcla: 

y  »  k  •*  Roos  0  (2) 


or,  combining, 
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sin  (0  t>6  }  »  ^  (3) 


and  these  equations  are  aorreot  for  either  loading  or  trailing  oontaot 
If  propar  valu *u  of  p  ,  &  and  p’,  &'  *  arn  uaad. 

How  to  find  9.,  write  equations  for  circles  w'uoao  radii  are  R  and  p 
respectively,  and  solve  alaultanaounly.  This  gives  (ijy^).  Unlng 

equation )  (1)  and  {?,)  we  can  gat  /S  awl  8^  i  anted  lately, 

t 

j'tezt  we  find  0,,  and  ,8  (not  shown)  for  the  extreme 

dlaplaoement  of  the  verge  In  trailing  oontaot.  This  will  oeour  for 
the  shown  In  Fig,  3  nd  for  thn  verge  rotated  oounteroloolcwlaa 
until  oontact  on  pallet  face  13  In  ancle,  which  position  of  the  verge 
la  not  ahowm.  How  0^  Is  the  angle  subtended  by  five  tooth  spaces, 
so  that  sines  0j  Is  known,  02  is  alao  known  (*E  <  0).  Hencs 
equation  (3)  can  bo  uaad  to  solve  for  <3*2  lnaediately. 


LAST  CONTACT  TRAILING 

FIG.  4 


Now  tooth  elldee 
along  trailing  pallet 
face  until  position 
of  Inst  contact  trailing 
is  reached  as  shown  In 
Sig.  4.  The  value  of 
64  le  known  since  by 
symmetry  0^  -  -  6^. 

is  computed  from 
equation  (3)  above. 

le  now  wish  to  find 
the  position  of  the 
▼ergs  ns  it  rotates 
clockwise  Into  a 
position  of  first 
oontaot  with  tho  landing 
pallet  face.  This 
position  of  the  verge 
is  not  shown  but  is 
determined  by  the  angle 
05,  >  0.  Geometrical 
considerations  show 
that  there  are  four 
tooth  spaces  from  tbs 


tooth  wfaloh  Bade  last  oontaot  trailing  to  the  tooth  which  makes  firet 
oontact  leading.  This  known  angular  displacement  is  0^'.  Hence  04 
being  known,  ©s  >  0  is  at  onoe  computed  and  3  can  be  found  from 
equation  (3). 


How  ws  have  found  extreme  ponitions  of  verge  during  leading 
oontaat  (  jB,,  &  ,)  and  the  correeooadtng  **»■•!  positioas  *}). 

Any  desired  point®  between  these  extreaee  can  be  determined  from 
equation  (3).  Similar  results  hold  for  trailing  ooatoct.  Whllo  the 
nngleO  le  satisfactory  for  locating  wheel  position*  ydd  f  Si  '  ere  not 
satisfactory  for  locating  rerge  positions,  *is  adopt  a  new  angle «, 
which  will  i»present  the  displacement  of  the  rerge  from  it*  equilibrium 
petition.  at  p  O  if  the  displacement  is  counterclockwise,  t  nr' 

Of.  <  O  if  the  displacement  le  clockwise.  oL  cun  be  found  from 
the  known  reluae  of  yd  or  &  '  t  ad  simple  geometrical  consldereti  ono. 

The  results  of  such  calculations  are  displayed  in  the  two 
graphs  narked  tig.  5  and  Fig.  £  .  It  Is  to  be  noted  that  each  of 
these  curves  can  be  reasonably  approximated  by  a  straight  line,  the 
equation  being  written  on  the  graph. 

It  will  be  noted  that  these  approximations  are  poor  in  tho 
regions  of  larger  ralusa  of  «  .  However  it  is  Just  this  region 
into  which  tbs  rerge  never  moves  when  in  actual  operation.  These 
regions  represent  possible  apecj  positions  which  are  not  occupied  in 
the  actual  opsrwtiBg  cycle.  Hr nee  in  the  regions  of  physical  import¬ 
ance  the  linear  approximations  ere  fairly  accurate. 
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(B)  1 <wr  Am  Ratio  Ttntui  Wheel  Poeltjon 

Xt  will  beoome  oMMHry  Later  to  ask*  uee  of  a  MO«ad 
geometrical  relationship  which  tfs  Best  describe.  m  consider  tut 

leading  Otitf*. 

TOfrQUES- LEADING  CONTACT 


Xl|.  7  ehoww  the  action  and  raaotlen  force*  bitmn  verge 
and  wheal.  The  dietanoe  t  and  v  will  ba  lever  ana*  of  the  torque* 
applied  to  wheel  and  verge  respectively  by  V  and  T\  nc> ml  to  pallet 
faoe. 

Xnnpectlon  of  the  figure  ehowa  that  u  -  R  coo  (8  *  A  ). 

Let  the  coordinate*  of  P  be  (x,  y) .  Then  we  can  write 

*  •  V(*®  ♦  3T2)  -  P^ 

But  x  -  Rein  8,  y  *  k  +R  oo*  9  (k  <  0) 

S*  t  *  k*  -  p8)  ♦  EkR  oo*  8  (k  <  0). 

New  for  the  various  value*  of  8  in  the  range  of  loading  contact, 
already  determined  far  the  a  Vn.  8  relationship,  we  compute  u, 
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▼,  and  u/t,  plotting  agalnat  6.  Tha  raaulta  ara  given  on  tka  graph 
aarked  Fig.  8. 

Tha  trailing  casa  nay  ba  handled  In  an  identical  way  snd 
lta  ragmlta  *ra  plotted  os  the  graph  ssrked  Fig.  9. 

In  each  casa  it  ia  found  passible  to  approximate  tha 
u/t  ts,  6  relavionahlf  raaeonably  wall  with  a  linaar  function, 
oallad  ganaral 

—  -  F,  •  0. 

T  * 

These  results  will  be  uead  later. 
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III,  QUALITATIVE  D13CUS3I0N  OF  MECHANISM  BEHAVIQUB 

Superficial  observation  of  the  meohaniem  show#  that  the 
effect  of  the  verge  u’xu  the  wheel  is  in  general  a*  follows, 

(1)  The  wheal  rotates  la  leading  ooataot  with  verge, 
accelerating  the  verge  up  to  the  point  of  last  contact.  During  this 
period  potential  energy  of  the  spring  la  being  converted  into 
kinetic  energy  of  the  wheel-verge  system. 

(2)  After  laat  contact  leading  there  la  a  pariod  of  fret 
motion,  In  that  the  verge  and  wheel  are  temporarily  fro#  of  eaoh 
other.  During  this  period  the  wheel  continues  to  accelerate  under 
the  applied  torque  while  the  verga  rotates  at  aonetant  speed, 

(3)  After  a  short  interval  the  trailing  collision  occurs, 
at  sene  point  on  the  ourve  of  >lg.  6  .  As  a  result  of  this  collision 
some  klnstic  energy  Is  lost  from  the  wheel-verge  system  and  is 
transformed  into  heat.  This  means  that  the  velocities  of  wheel  and 
verge  are  changed.  In  general  the  effect  of  the  collision  is  to 
slow  down  the  v.heel  and  reverse  (or  at  least  atop)  the  motion  of  the 
verge. 


(4)  Now  the  wheel  accelerates  once  more,  driven  by  the  gear 
train  and  spring,  and,  pushing  the  verge  before  it,  accelerates  up 

to  the  point  of  last  contact  trailing. 

(5)  After  last  contact  trailing  n  free  period  occurs  once 
more,  during  which  the  wheel  acuelerutes  and  the  verge  moves  unlforaly,. 

(6)  After  a  short  interval  leading  collision  occurs.  Not# 
that  the  tooth  now  Involved  in  loading  collision  and  leading  contact 
Is  not  that  referred  to  in  paragraph  (l)  above  but  la  the  next 
succeeding  tooth  on  the  wheel.  As  in  trailing  collision  energy  is 
lost  by  wheel  and  vorge,  and  their  voice!*'  l#s  are  ohanged. 

(7)  Finally  wheel  and  verge  once  more  aecele-»te  In  lending 
contact  until  lust  contact  leading  occurs,  and  the  cycle  begins  to 
repeat. 


To  put  the  matter  as  succinctly  as  possible  we  say  this: 
during  one  tooth  space  advance  of  the  wheel  (which  Is  ona  cycle  of 
the  verge)  a  certain  amount  of  energy  is  fed  Into  the  wheel-verge 
system  because  of  the  constant  torque  applied  to  the  wheel.  But 
during  this  time  energy  is  lost  by  the  wheel-verge  combination  In 
the  two  collisions.  If  energy  gain  end  energy  loss  are  equal,  then 
the  mechanism  has  reached  a  true  cyclic  condition  where  the  entire 
sequence  of  events  is  repeated  each  cycle  with  the  earns  values  of 
velocity,  acceleration, angular  displacement,  etc.  This  we  cel) 
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IV.  QUAKTmTIVg  DISCUSSION  OF  MECHANISM  BEHAVIOUR 

In  this  ssetios  m  derive  the  basic  equations  for  predicting 
the  behaviour  of  the  mechanism. 

(A)  Loading  nnd  trailing  contact 

(1)  Leading  contact.  -  Reference  should  be  made  to  tig.  v 
The  forces  f,  t*  are  the  forces  of  aotion  and  reeetlon  OB  tooth  and 
verge.  It  is  assumed  that  these  forces  are  nonaal  to  the  pallet 
faoe;  that,  In  other  words,  there  le  no  frictional  foroe  between 
verge  end  tooth.  This  will  be  our  beelo  assumption.  The  figure 
shows  that  situation  for  any  point  of  leading  contact. 

The  foroe  F  le  t  force  exerted  on  the  wheel  (on  the  tooth 
denoted  by  ft}  and  results  in  a  torque  of  magnltudeY^  ■  Fu  on  the 
wheel.  The  moment  of  Inertia  of  tbs  whaal  le  I*.  There  la  also 
exerted  on  the  wheel  a  constant  torque  f ,  originating  at  tha  spring 
and  transmitted  to  the  star  wheel  by  the  gear  train.  Hence  we  write 

r  -  rw-x.  g  ■  «.* 

aa  the  differential  equation  of  motion  of  the  wheel. 

Tor  the  verge,  the  only  torque  Is  f  •  (•)  -  F'v,  and  this 
torque  tends  to  accelerate  the  verge,  in  the  positive  cense,  in 
aocordanoe  with  our  Initial  assumption*.  Bence  we  write 

♦  r\%)  -  It  -  \  * 

as  the  differential  equation  of  motion  of  ths  verge. 

Collecting  equations  we  have 

r-r'(e)-  r-F-n  -  v* 
r'(e)  -  F*  v  -  i^  A 

which  can  ba  written  ae 

F  .  u  I« 6  -  r' 

'  F«  V  -  \3i 

Of  course  F  »  F'  In  nagnltude,  se 

„  U  .  Iwe  -  r 
▼  IT  •  i 


(I) 


tiy  sl&ilar  eoBSidarationa  wt  oen  show  that  cm  trailing 

ooatLci  wa  IUti  an  aquation 

ii  .  hfi  mmf  (II) 

▼  ly  OL 


(8)  Solution  of  Differential  Equations 

(1)  and  (XI)  cannot  ba  solved  without  further  simplification. 
First  reaeobar  that  for  either  landing  or  trailing  oaa*  «a  bar*  boon 
abla  to  write  ot  ■  f 0  ♦  D,  /*  and  D  ball*  known  In  anoh  caaa. 

It  follows  at  onaa  that 


Secondly  wa  can  now  ar  k  a  uaa  of  the  fact  that  wa  oan  wrlta 
■  F*6  +  0  wkara  F,  0  an  known  oonatanta  In  both  landing  and  trailing 

oaaaa. 


/•  t  onoa  wa  aaa  that  wa  oan  almi'llfy  (I)  and  til)  aa  follawa 


(I) 


tt  , 

i.  e  -  r 

ly  6t 


"(F-e  *  o) 


-  Y 

tf'VT 


which  baoonaa 


e 


r 

A0  4  B 


A  •  F  lyY 
B  “  Oly  Y  ♦  lw 


A  first  integral  la 


Ad  ♦  B 
ABq  +  B 


ahara  t  -  0Q 


whan  0  •  60 


Identical  ooneldaratlona  land  to  a  similar  solution  for  tha  trailing 
oaaa  (  to  ba  axhibltad  later). 


1? 


A  second  integral  la  not  possible,  ao  that  for  earn  desired 
inf! > ration  graphical  integration  must  ba  raaortad  to. 


(B)  ftfw  Motion 

This  occur#  during  the  small  parloda  of  time  Juat  foil  awing 
laat  contact  landing  and  laat  contact  trailing.  Tha  Targe,  which 
haa  no  torque  applied  to  it  during  *  free  period,  oaves 

with  the  (constant)  apaad  imparted  to  it  at  laat  contact.  Tha  wheel 
on  the  other  hand  la  Boring  under  tha  influence  of  tha  cosatant  applied 
torque, ao  adcalaratea  uniformly,  aooording  to  the  law 

t*. 

where  e  -  ©c,  9  -  ®0  at  t  -  0  (Thla  point  la  uaually  ohoaan  to  ba 
laat  contact.  The  altuatlon  la  acre  fully  described  Inter.) 

(3)  Colllalon 

Thla  la  the  moat  difficult  portion  of  the  cycle  to  deal 
with  accurately.  Tlrat  we  aaiat  recognize  that  there  are  two  unknown 
quantities  for  which  certain  Resumptions  nuat  of  aeoessity  be  made. 

Tha  flrat  la  the  duration  of  the  Impact,  the  tins  over  which  the 
Impulsive  torque  of  collision  is  being  exerted.  The  second  Is  tbs 
degree  of  elasticity  of  the  impact. 

Let  ue  discuss  this  letter  situation  first.  It  Is  clear 
that  the  collisions  could  not  be  perfectly  elastic,  for  If  they  were 
there  could  ttot  be  tha  loas  of  energy  which  la  essential  to  the 
behaviour  of  the  mcehanlaai.  If  the  colllalon  la  completely  Inelastic, 
the  mathematical  problem  is  simplified,  but  it  seams  somewhat 
unlikely  that  this  could  be  true.  The  collision  is  most  likely  to 
be  partially  elastic.  There  la  energy  loat  per  eollleioa,  but  not 
as  muoh  loot  as  would  occur  in  tha  completely  Inelastic  case* 

If  we  wish  to  work  with  the  partially  elastic  case  a  number 
of  questions  at  once  confront  uo,  chief  of  which  is  the  value  we  should 
choose  for  the  coefficient  of  restitution.  Next  we  must  assume  that 
the  lmpaot  time  is  ao  small  that  the  effect  of  the  constant  torque 
may  be  neglected.  Then  using  the  conservation  laws  we  could  solve 
for  velocities  of  verge  and  wheel  after  collision.  There  now  arises 
the  question  of  whether  the  verge  and  wheal  are  in  contact  after 
oolllelon.  If  they  are  not, does  the  wheel  ostch  up  with  the  verge 
before  position  of  last  contact  or  not?  To  answer  these  questions 
would  not  bs  saay,  end  tha  answers  themselves  would  depend  largely 
upon  asaumptlons. 
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Now  if  out  ermines  carefully  the  behaviour  of  the  wsohnulma 
during  operation,  the  pollehlsg  of  the  pellet  faoee  mu  to  indicate 
that  there  la  contact  between  varge  and  tooth  at  all  times  foilswing 
collision.  Ia  thla  respeot  the  oolllaloa  la  apparently  inelastic. 

It  la  ball* rsd  ths *  this  is  as?  physically  as  inelastic  callteisa, 
but  that  the  soabinatioa  of  a  finite  Impact  tin*  ami  the  aonatait 
applied  torque  o*  tha  wheel  produoa  «*et  la  affect ively  tha  same 
thin*. 

Aa  a  result  thus  of  our  lack:  of  lnfortaatlom  about  physical 
quantities  plus  our  observation  of  toe  mechanism  behaviour  we  decided 
to  proceed  on  tha  eaeuaptlon  that  tha  oolllaloa  tee  perfectly  lnalaatlo 
and  that  tha  Impact  tin*  was  zero.  Comparison  of  theoretical  and 
experimental  reaulte  will  Justify  thla  eaeiaaption,  aa  wa  »*•  later. 

da  shell  wort  out  tha  aquations  for  a  landing  oolllaloa, 
assumed  lnalaatlo  with  zero  tint  of  iapaot. 

Thera  will  be  exerted  oa  the  wheel  at  Impact  aa  Impulsive 
torque  only,  beoauee  the  Impulse  applied  by  the  constant  torque  la 
aero  If  Impact  time  lo  zero,  .lie  law  of  conservation  of  angular 
momentum  glvea  us  for  the  wheal 


T’adt  •  Iw  (6  *•  60)  where  we  deal  with  vectors 

throughout. 


for  the  verge 

JfVdt  -  lT  (  dt  -  <*„  ). 

Now  these  two  torques  are  not  equal  In  magnitude  as  a  reference  to 
the  dlecuaalon  of  the  ratio  u/v  will  ah».  The  impulsive  torque 

jV*  dt  la  nagativa  In  sense,  and  J't'v  1*  positive  and  It  le 
obvious  that  the  ratio  of  these  Integrals  is  then  given  by 

ISM  .-a 

At  leading  oolllilon  90  >  0  (velocity  of  wheel  before  collision) 

o<0  <  0  (velocity  of  verge  before  oollielon) 

Now  after  oollielon  o(  •  y  •  0  Y  >  O 

Therefore  we  write 


Iw  (9  -  90)  -  1*9  -  1*90  These  terme  are  no 

— - ; —  longer  vector*.  Sign* 

Iv  (  a.  -  a0)  -  lyf  9  -  Iv  «,  attached  to  numeriwal 
values  a*  lndlooted  above  will  preserve  vector  relationship#. 


Forming  a  ati  c  m  bora 


—  .  lag.  1 

▼  I rr*  -  Iy*. 


*a  aat  ^  •  K  and  gat 


e  «  1^0  4  Kfrr*** 

iw  ♦  iaTr 


Is  as  analagoua  auuur  wa  a  an  gat 


<  0 

wbara  «c  >  0 

f  >  0 


wbara 

for  tailing  oolllaiss. 

Far  oomranicnoa  wa  aaaaofela  all  aquations  balow 


e  .  ®Q  ~  r<  ■» 

1W  -  Ely  r  ' 


<^e  >  0 
>  o 

r'<  ° 


Contact  Laadlaa 

•e  .  i0*  ♦  if.  1> 

'f  «  appllad  torqua 

a  *  r  I,  r 

B  •  0IT/“  ♦  Iw 

*fcar*  v  -  y  9  ♦  D 
~  •  W  ♦  o 


Oontaat  Trail laa 


-  applied  torqua 
A’  -  T’lyy"  * 

b*  -  o'^r'  ♦  iw 

wbart  »  |r'/0  ♦  b» 


A’t  ♦  B* 

F«~TF 


e 


Colllaloa  Laadlaa 

9  .  Ii$a..t.g.r 
Jw  4  ^tiT 


Free  Motion 

2Zm  *2  4  •  o*  ♦  ®o 

Colllaion  TVallina 

e  -  IA~  fIi,  tyB 

iw  -  sCr 


wluira 

K  ■  T9  ♦  0 

evaluated  at  the  aolllaion  angle. 


wbara 

K  -  T’  -?’•«  +  0* 
evaluated  at  tha  eellision  angle. 
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Y«  SOI'JTION  OF  HE  S'  UATI0H3  O.V  MOTION 

The  solution  of  the  equations  lie  tort  above  is  very  long  and 
uniat #r« at lag.  A  complete  discussion  of  the  problem  Including  a 
definition  of  all  term  and  symbols  Is  given  in  Appendix  A.  Also 
in  Appendix  2  is  a  description  of  a  shorter  method  of  solution. 

In  general  we  begin  the  solution  by  assuming  that  the 
system  la  at  raat  In  e  position  of  leading  equilibrium.  The  wheel 
le  released,  begins  to  move  end  ite  velocity  (and  that  of  the  verge) 
Is  computed  for  several  points  around  tha  cyola.  This  process  is 
continued  until  all  values  of  velocity  for  a  given  cycle  are  repeated 
in  the  following  cycle.  The  system  has  new  reached  an  equilibrium 
situation  which  will  ba  repeated  each  oyelo  thereafter. 


After  such  a  solution  has  bean  completed  we  have  a  curve 
on  which  wheal  velocity,  0,  is  plotted  against  wheel  position, 

0* ;  and  a  second  ourve  on  w.^loh  verge  velocity,  dt  ,  Is  plotted 
against  wheel  position,  0'.  Thera  are  two  thli«a  in  which  we  are 
moat  interested..  (1)  the  naan  velocity  of  the  wheel  from  whloh  we 
get  the  period  of  revolution,  (2)  the  relationship  of  (Steel  position 
and  time,  of  verge  position  <  nd  tins.  These  latter  curves,  if 
obtainable,  can  ba  eheokad  against  experimental  curves. 

Vfe  first  consider  the  curve  0  vs.  O',  se*  Fig.  10. This 
curve  la  oomputed  for  a  set  of  values  of  1^,  1^,  Y  to  be  discussed 

later.  9e  first  assume  tho  ourve  to  be  divided  into  a  number  of 
linear  segments  each  of  which  is  represented  by  an  equation 

6  -  K  (0  -  e„>  4  o0 

*  -  X  0  ♦  A,  Am  -  K  «0  ♦  0O  (1) 

Tha  limits  of  the  segment  of 
the  curve  are  0^,  Og,  as 
indloatad  in  Tig.  12. 


e,  $ 


Tig.  12 


0 


linninUuniuimimrttfl  wtiiiniiyfflniHl 


HHi 


■wiiiMHiiiiintaiiKniiil 

18  i  ilffi  m:H  ^iKi  HHinisi  mi!  HiK  iHiisim  nm  *bi:  **u  j  mu  i  Hp  m 


m 


i  mmmmtmffimwmmm  m 
■■HiHiiiiiiipi  m 


:ix  Hiiinii 


KHiliHiSilKl 


Smwm 

i  I 


paEfl 


«rr /vNvtcwu  '  q  -  jUnor3A  wu&nv  "whm  thus 


83  - 


It  la  a  timpl*  natter  to  ahow  that  ft  <■  ft  (ft)  ee  girts  abort, 


beocceas 


K  ft  e  A 
K  ftQ  *  A 


X  (t  -  t<>) 


when  intagratad  to  gat  e  «  ft  (t),  and  that  from  thla 

«  -  (K»0  +A)  aK  *  V  (3) 

The  average  velocity  with  reepeet  to  tins  la  glvas  by 


f(KB0  *  A)  aK  (t  “  *«>  dt 


-  gjBJL-gl 

At 


Taking  l<4garlthK  of  (t)  and  eubstltuting  glrea 


1»  *  eg  +  A 

Uj  ♦  A 

From  thla  aquation  ^  la  computed.  Thla  hoaarar  la  a  lengthy  prooaaa 
for  nearly  all  the  ourraa  ft  re.  ft,  el net  it  requires  that  we  datenalas 
K  and  A  for  eaoh  Una  aegnant  into  which  the  eurre  la  broken. 

Let  ua  compute  the  average  Telocity  ft0  with  respect  to 
position  rather  than  with  rvapeot  to  time. 

I0  -  jLl  » 

Aft  A  6 


or  ft«  ■* 


fa  *  ft 


*  IlSfc  +,  Sil  ♦  A 


Returning  to  equation  (4),  the  lcgtvrltha  tana  nay  ba  axpindad  In  a 
series,  girtng 

t  :  a _ r _ 

1  “  i  -  ♦  - £lfi— _ -  (65 

£(•!  ♦  A/K)  3^  +  A/X)* 

It  can  be  shown  very  easily  that  If  AS. — _  | 

♦  A/s) 

r  -r* 

then  aquation  (6)  and  aquation  (S)  become  identical,  end  ftQ  >  ®*. 
It  la  atqc^  easier  to  find  fron  tha  curve  of  Flg.ZOthgn  It  le 
to  find  ft*,  end  if  A  ft  -  0.01  radians,  tha  difference  between  the 
values  la  very  snail.  For  thla  reaaon  tha  average  value,  ft,  over 
any  anall  approximately  linear  aegnant  of  the  curve  la  determined 
from  tha  expreeeion  ft  »  ftp.  4  &i 

2 
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The  angle  of  rotation  of  the  wheel  for  ow  oyole  of  the 
ferge  wae  divided  iato  email  intervals  end  the  average  velocity  over 
eeoh  of  theee  intervale  eat  reed  froa  the  graph.  the  tine  required 
for  the  eter  wheel  to  t referee  eeoh  at  theee  iaoreaente  wee  found  by 
dividing  the  length  of  the  interval  by  the  average  relooity  for  thet 
inoraaent*  the  eua  of  theee  tlnee  ie  the  tiae  required  for  the  wheel 
to  turn  through  the  eagle  of  one  tooth  npeoe,  tad  the  delay  tiae  per 
revolution  ie  the  eua  of  theee  tiaee  multiplied  by  the  auaber  ef 
teeth  on  the  eter  wheel.  The  average  angular  velocity  of  the  eter 
wheel  (  eoaetiaea  oelled  the  temlnal  velocity)  ie  the  eagle  eubtended 
by  one  tooth  epeoe  divided  by  the  eua  of  the  tlai  interrele. 

froa  the  value e  of  tiae  and  the  oorreeptndtnc  value*  of  iter 
wheel  poeltioa  a  graph  ef  eter  wheel  poaltien  vereu*  tiae  own  be 
plotted.  Aleo,  siao*  the  verge  pealtloa  ie  known  as  a  function  ef 
eter  wheel  poeltlon  o  eiallar  ourva  of  verge  poaltion  vereu*  tiae 
oaa  be  plotted.  The  eurvee  ef  poeltioa*  ••  a  fuaotion  of  tint  for 
*  typical  eter  wheal  tad  verge,  ehown  in  fig.  19  ,  were  obtained  by 
this  aethod  froa  th*  ourv*  of  Fig,  10  • 
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71.  DATA..  THSORKTICAL  AND  JX^EHIMSOTAL  1  THE  HOPE, 

Certain  theoretical  prediction a  oan  b*  cheated  experimentally, 
«ad  wherever  thi*  oould  b«  doo«  the  comparison  was  and*.  All  result* 
Aiaeuaaed  In  thla  aeotion  were  obtained  on  the  bails  of  tha  verge* 
vfreel  model  described  in  Section  711  -  EXPERIMENTAL  METHODS.  All 
experimental  methods  uaad  in  obtaining  results  quoted  below  nr* 
fully  deaorl bad  la  Section  VII. 

(A)  KRKKL  AND  VERGE  MOTION 

Aa  daacribed  in  tba  preceding  pangropb  we  were  able  to 
obtain  curves  showing  how  star  wheel  poaitlon  varied  with  time, 
aad  the  aa me  for  the  verge.  For  the  particular  oase  (I,  •  3640  gnu  «*•* 
Iw  -  8079  c*  on*,  'f  -  B  .71  x  10”  dyne  on.),  we  obtained  experimental 
ourres  by  the  potentiometer  method.  Little  detail  ia  noted  In 
Fig,  14,  which  gives  atar  wheal  poaitlon  versus  time.  General 
obaraoterlatloa  nay  ba  oonperod  with  Fig.  13,  Fig,  15  ahowa  one  of 
the  polnta  of  oolllalon  aagnlfled  by  ahortening  the  awaep  tine. 

The  abort  straight  line  aagnanta  in  eaoh  curve  represent  tha  effeot 
of  tha  individual  wlndlneta  on  tha  notaationator. 


ri«.  u  n«.  is 


A  batter  ocagm  risen  of  theory  verves  experiment  can  be 
Obtained  by  considering  Fig*  U,  and  rig.  IT, 


r*«.  M  Fig.  IT 


Fig.  16  ro present a  an  axpariaantal  graph  of  verge  poaltloa 
varaua  tints,  obtained  by  the  potent iometer  method.  The  ripples 
iaproaeed  on  the  ourve  are  not  understood.  They  any  represent 


8? 


•Imply  a  vibration  of  tha  varga  sat  up,  during  a  collision,  and  tkia 
•aama  to  bs  the  most  logical  conclusion.  Note  the  excellent  general 
agreement  in  shape  of  the  ourvee  of  Fig,  IS  sad  Fig,  15. 

Fig.  17  repreeente  an  experimental  graph  of  star  ohaal 
position  versus  time.  It  m  obtained  by  the  photo  cell  method* 

It  snould  be  noted  that  If  the  wheel  moves  with  uniform  speed,  the 
trace  Is  triangular  in  fthape.  In  Fig.  17  this  second  leg  of  the 
triangular  trace  la  showing  up.  At  the  four  centimeter  mark  cm  the 
left  of  the  curve  shows  a  collision,  as  it  does  also  at  about  the 
1  centimeter  mark.  Of  course  our  curve  lndloetee  clearly  that  these 
collisions  are  not  Instantaneous  as  la  the  assumption  for  the  curve 
of  Fig.  13.  Nevertheless,  the  general  cbarrcteri sties  of  theoretical 
and  experimental  curves  are  in  good  agreement. 

Sods  seven  curves  like  Fig.  13  were  obtained  theoretically, 
eeoh  for  a  different  torque  or  ament  of  Inertia.  Also  there  were 
obtained  several  other  experimental  curves  like  Figs,  15  end  17. 

In  all  cases  c ooperi a oa  showed  reasonable  agreement  in  the  general 
structure  of  the  curves. 


(B)  NUMBER  OF  CYCLBS  BEFORE  EQUILIBRIUM 

In  all  cases  computed  as  mentioned  above  It  ms  found  that 
by  the  fourth  cycle  of  motion  equilibrium  had  beam  established. 

No  particularly  striking  experimental  evidence  was  obtained 
by  the  method  of  Section  VIZ  part  (C),  and  no  photographs  are  included. 
Such  atnoil  evidence  an  we  ha/e  lndloetee  with  certainty  that 
equilibrium  la  established  within  four  oyoles. 


(0)  VARIATION  OF  TERMINAL  VELOCITY  WITH  APFLIEP  TORQUE 

By  the  "terminal  velocity"  we  mean  the  average  or  mean 
velocity  over  a  cyole  after  equilibrium  has  been  reached.  This 
wee  computed  aa  explained  in  proceeding  Section  V  from  curve  In 
Fig.  10.  For  each  new  choice  of  torquo  ( I  unchanged)  e  new  value 
of  terminal  velocity  la  computed,  using  one  of  the  methods  outlined 
In  Appendix  A  or  Appendix  £.  Fig.  16  Is  a  graph  of  o  vs.  -f'  . 

Three  curve#  are  drawn,  one  for  eaok  of  three  values  of  X,.;  Iw 
being  unchanged  in  all  easaa.  Both  experimental  and  theoretical 
pcinta  are  plotted.  In  Fig.  19  the  seme  date  appears,  now  plotted 
as  log  9  V*.  log  *f'  .  Measurements  of  the  elope  of  theee  curves 
(both  experimental  and  theoietloal)  give  a  value  very  dose  to  0.5. 
This  means  of  course  that 

3  -  r* 


(T) 


$  -  AHOOISA  MVTnONV  133HM  UV1S 


0  TORQUE 
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A  cursory  inapactioa  of  tbs  aquation*  used  (Appendix  A  or  Appendix  B) 
indicate  that  tills  relationship  la  to  be  axpeoted,  The  foot  that  w* 
do  find  It  true  experimentally  la  further  evidence  of  the  validity 
of  the  assumptions  used  In  our  theoretical  reasoning. 


(p)  Variation  of  tkkmihal  telocity  with  It, 

On  Tig.  80  art  plotted  esveral  curves,  6  vs,  lr.  Throe 
■uoh  ourvso  are  given,  aaoh  being  taken  at  a  different  torque,  but 
lw  being  conetant  for  all.  Both  the  experimental  and  the  theoretical 
ourvee  are  plotted  la  each  aaaa.  Tig.  El  axhlbite  tha  same  data, 
plotted  ee  log  e  ve.  log  IY.  It  le  notloeable  here  that  the  log  -  log 
plote  are  etrelght  llnee,  with  as  average  elope  of  -  .612.  Thie 
indloatee  that 

x.  -.612 

»  ~  L,. 

la  tha  functional  dependenoe  of  4  on  1^.  Thtre  la  no  obvious  war  In 
wfcl oh  thin  dependence  oan  be  pradloted  by  theory. 


(IV’ VARIATION  OF  TTOCCNAL  mOCITT  WITH  L.. 

The  agrssamnt  of  theoretical  and  experimental  result*  for 
variable  I*  wma  poor,  in  general,  theory  predicts  that  aa  I,  lncreaaaa, 
tanalaal  velocity  ream  1  ha  nearly  conetant.  Fig.  EE  ehewe  thie  at 
three  different  value*  of  belag  held  oonatant  In  all  oaaea  at 

'C  -  £.71  x  10 6  dyne  «aa.  Only  three  pointe  on  each  curve  were 
obtained  experimentally  and  these  are  plotted.  For  tha  two  upper 
ourvee  at  leant,  very  poor  agreement  will  be  noted.  Fig, 29  ,  is  a  plot 
of  experimental  valuaa  only.  The  point*  occur  in  families  of  three 
members, each  ana her  of  the  family  being  characterised  by  a  different 
value  of  Xv.  Aa  examination  of  these  point  a  trill  help  convince  one 
that  the  iffeot  of  I,  on  7  la  amall  indeed.  In  fact  the  acattar  of 
tha  exparlaental  points  hides  completely  any  dependence  which  any 
exist.  It  la  of  Interest  to  net a  that  at  the  point  v£*r*  ty  -  £696, 
regardless  of  tha  value  of  X*,  tha  three  values  of  9  in  any  one  family 
•f  curves  nearly  coincide,  why  this  should  occur  la  sot  known.  Ons 
curve  has  bean  drawn  for  sash  group  of  points  as  an  aid  to  picking 
out  tha  groups. 

In  genera^  we  find  it  dlffloult  to  draw  conclusions  regarding 
tha  dependence  of  J  on  X*.  Ve  shall  determine  this  dependence  in  a 
different  way. 
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(T)  EMPIRICAL  EQUATION  FOR  TSgPKAL  VELOCITY 
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We  are  now  prepared  to  derive  ax  emperical  equation  which 
will  predlot  8  for  a  given  physical  situation,  It  la  clear  from  both 
theory  and  experiment  that  8,  Tor  a  verge-wheel  combination  of 
given  shape  and  center  spacing,  can  depend  only  upon  three  things; 

(1)  applied  torque  'f  ,  ( 2  )  wheel  acuasnt  of  inertia  I*,  (5}  verge 
moment  of  Inertia  IT. 

We  have  found  above  that 

l  -*612 
8  r-  'f'*  ly 

Dimensionally,  I*  must  snter  this  squation  in  such  a  Banner  that  the 
right  hand  side  of  the  equation  haa  the  dimenalona  //  time.  The 
almpleat  poasible  way  to  accomplish  this  is  to  v?rlte 
_  .  -.612  .112 
6  -  A  T"'*  ly  Iw 

which  gives  us  correct  dimensions  for  %.  Now  A  la  a  constant  (or 
should  ba)  which  is  dimensionless, being  determined,  as  It  la,  only 
by  the  geometrical  shapes  and  dimensions  of  the  wheel-verge  combination. 

To  oheok  this  equation  we  computed  A  for  sixteen  different 
values  of  5  and  their  corresponding  values  of  f  ,  IT  and  Iv.  Ws 
found  that 


A  -  .831 ±  1.3* 

as  a  Bean  value 


Hence 

J  -  .231  r /x 


-.618  .112 
*v  *w 


is  the  empirical  equation  predicting  the  terminal  valooity  for  tba 
particular  wheal-verge  ooablnution  under  study, 

We  next  repeated  this  procedure  for  experimental  values 
of  8^  using  same  cases  as  above.  We  now  found  that 


A  -  .200  ±  4* 


Bare  also,  then,  It  seems  to  be  tfw*  that  our  empirical  equation  will 
predict  with  reasonable  aoouracy  the  values  of  e  for  givsn  values  of 
-he  other  variables.  The  deviation  in  A  only  reflects,  of  course, 
the  experimental  variations  among  the  datermlnad  Taluea  of  8,  That 
this  valua  of  A  is  smaller  is  also  to  be  expected,  sines  the  effect 
of  friction,  Ignored  in  our  theoretical  work,  will  clearly  decrease 
the  values  of  below  theoretical  expectations. 
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la  praetlea  it  it*  «or»  common  to  diaouas  daisy  tins  par 
star  wheel  revolution  than  it  la  to  dtacuse  terminal  Telocity,  iiaaoe 
m>  may  rewrite  our  empirical  equations  ae 

.612  -.112 

T  -  B  *t  *  I  I_ 

V  m 

where  T  1*  time  delay  par  revolution  and  B  •  ££  . 

A 

(Q)  gmCT  OF  PALLET  TACK  slopes  upon  termikai  velocity 

This  section  of  tba  report  ladloatea  certain  preliminary 
results  only.  Reference  to  rig.eJ^will  indicate  what  changes  were 
made  in  the  pallet  facos. 


Points  r  and  P’  are 
kept  In  the  same 
places  vlth  reepeot 
to  0,  tie  center  of 
rotation  of  the  verge. 


i 

FIG.  24 


The  angles  at  P  and  P*  were  increased  or  decreased.  At  P 
is  shown  approximately  the  "  +  IS*  Verge*  in  which  each  face  of  the 
werge  wee  rotated  outward  12*,  giving  a  total  increase  in  the  angle 
at  the  corn »r  of  £4*.  The  aace  thing  wns  dose  at  P*  of  oouree. 

The  dotted  lines  at  P»  indicate  how  verge  faoue  were 
rotated  Inward  12*  eaoh  to  make  the  "-12*  Vtrge".  The  total  decrease 
In  angle  at  the  corner  is  here  24*,  and  of  course  is  done  at  both  P 
and  P’. 
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Whan  one  change#  the  slops  of  the  pellet  face*  one  la 
ecnfrcsted  with  a.  c  caplet  sly  new  siiueiion.  It  is  necessary  to  return  to 
the  basic  calculation*,  find  how  «.  reriea  with  ©,  and  hear  u/v  nriee 
with  9,  and  than  recompute  a  whole  new  aeries  of  terminal  velocities. 

Such  cal oulflt ions  bra  bean  oarriad  out  for  the  *+  4*  Terse** 
and  the  ”>4*  Verge",  for  e  range  of  values  of  I,,  Slagle  eeleuletiona 
for  the  "+  12*  Verge"  and  the  "-12*  Verge"  hare  been  computed. 

Certain  tentatira  conclusions  nay  ba  drawn  from  this  soenty 
data.  A*  the  angles  at  P  and  P*  are  decreased,  terminal  velocities 
tend  to  decrease,  and  as  the  anglee  are  Increased,  terminal  velocities 
tend  to  increase.  Because  of  the  geometrical  factors  involved,  the 
*  +  II  Verge"  and  the  12*  Verge"  are  limiting  settee  beyond  which 
the  apparatus  jaae  for  one  reason  or  another. 

More  data  vrlll  be  acquired  and  a  fuller  discussion  of  the 
effect  of  slope  of  pallet  faces  on  terminal  velocity  will  be  given  later* 
In  particular  it  ie  hoped  that  the  effect  eg  this  factor  upon  the 
constant  tans  A  of  the  empirical  equation  might  be  found. 


In  dosing  this  section  it  should  be  remmabered  that  all 
work  described  above  was  carried  out  with  the  model  in  mind,  none  Is 
directly  applicable  to  the  actual  Lux  clock  mechanism  without  furthsr 
discussion. 


Preliminary  to  extensive  theoretical  work  on  tha  operation 
of  tb*  mac  he a Ism,  a  model  of  the  star  wheel  and  rarga  waa  constructed  of 
brtss.  Ths  dlaension*  of  thla  nodal  were  tan  tinai  thoaa  of  the  actual 
mechanise  axeapt  far  rtar  whaal, thicksets  and  the  size  of  the  alar  wheal 
and  rarga  ahafta.  The  dements  of  laartia  of  both  the  nodal  atar  wheel 
and  rarga  wara  naaaurad  uaing  a  torsion  pendulum,  thla  data  balng  given 
below.  Sinoe  tha  thaoratleal  work  on  tha  atar  ahaal  and  rarga  aotlona 
lsrolrad  sonant a  of  lnartia,  geometrical  ralaiionahlps  of  tha  atar  wheel 
taath  and  tha  pallets  of  tha  rarga,  tha  fast  that  tha  atar  whaal  thloknesa 
and  tha  ahafta  war*  not  to  acala  was  of  no  oonaequeaoe.  Tha  atar  whaal 
taath  and  tha  rarga  pallata  wara  con  a true tad,  aoaled  up  tan  tlnaa, 
aeoordla*  to  tha  tolaranoas  spaclflad  for  tha  actual  mechanism.  To 
minimise  tha  affacta  of  frlotlon,  tha  atar  wheel  and  rarga  ahafta  wara 
wountad  In  ball  bearings.  Varioua  oylindars  or  diaka  of  braaa  of  known 
want  of  lnartia  wara  nada  to  ba  fastened  by  sat  aorewa  to  tha  rarga 
and  atar  whaal  ahafta  ao  that  effectively  tha  rarga  or  atar  whaal  moawnt 
of  lnartia  oould  ba  lnoraaaad.  La tar  in  tha  oouraa  of  the  experimental 
work,  a  rarga  waa  nada  with  removable  pallata  In  ordsr  that  a  atudy 
might  ba  xrnda  of  tha  afl'aot  of  tha  ahapa  of  tha  pallata  on  tha  terminal 
▼aloalty  of  the  atar  wheal.  A  picture  of  the  oompleted  modal  with 
tha  mw  rarga  lnoorporated  la  shown  sa  fig.  29.  A  torque  waa  applied 
to  tha  atar  whaal  by  hanging  weights  on  a  oord  wrapped  about  tha  wooden 
driving  pulley  shown  dearly  in  this  photograph. 

Since  tha  thaoratleal  results  oould  ba  mere  readily  checked 
experimentally  using  tha  modal  than  by  uaing  tha  Lux  clock  mechanism, 
the  numerical  values  for  moamnts  of  lnartia  and  terque  used  In  tha 
theory  are  those  that  are  appllcabla  to  tha  model.  Thla  information 
6onoemimg  the  modal  la  aa  follows : 

Momenta  of  Inertia: 

ft 

Star  whaal  alone  1646  gnrasr 

Driving  pulley  on  atar  wheel  abaft  431  gsrasr 

Minimum  atar  whaal  moaant  of  lnartia 
used  axperlmentally  2079  gw- car 

Varga  aoawnt  of  lnartia  1033  gm-oar 

By  adding  brass  disks,  Ihe  atar  whaal  moamnt  of  Inertia  oould  ba  lsoreesed 

to  tha  following  values:  (These  Include  the  aoawnt  of  tha  Meal  and 
tha  driving  pulley.) 

2497  ga-cs^ 

2997  garaw^ 

5957  &*r-cjE~ 


m 
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Similarly  hy  adding  brass  cycliiiders  to  the  verge  shaft  tha  following 
Values  war*  obtained  for  total  verge  =es*at  of  inertia: 

1W3  #w-c*E  3098  464C 

£096  0440  3203 

S8M  4140 

A#  radius  of  tha  driving  pulley  wes  £.76  centimeters,  A  layout  of  tha 
Tairiou a  disos  and  cylinders,  aa  wall  aa  verge  and  etarwheel  la  shewn 
la  n«.  M  . 


(B)  VTO»  AND  ieoneL  POSITIONS  iff  1UHCTX0H9  07  TOB 

A  oar bon  potentiometer  was  connected  across  a  battery.  Tha 
potentiometer  shaft  waa  coupled  to  the  verge  shaft  and  connection  mb da  . 
from  tha  cantar  terminal  of  tha  potantionatar  (contact  arm)  to  tha 
Vertical  plates  of  ths  CRO.  :'he  grounded  side  of  the  CRO  input  wee 
connected  to  the  negative  terminal  of  the  battery.  The  horizontal 
sweep  tine  of  the  oaollloscopa  could  be  rarled  continuously  and  aas 
calibrated  to  within  5^.  If  tha  verge  moved  at  constant  velocity  the 
trace  should  be  a  straight  line  whose  slope  is  proportional  to  the 
velocity  of  the  verge.  Deviation*  from  the  linear  trace  indicate 
the  nature  of  the  verge  motion,  as  plotted  against  tins. 

A  wlrs  wound  potentlomstsr  was  couplsd  to  the  star  whesl 
shaft  and  connections  made  as  described  above  for  the  verge  position 
as  a  function  of  time.  Ths  wire  wound  potentiometer  was  nodifisd  to 
allow  360*  rotation.  If  the  et«r  wheel  were  to  rotate  at  constant  speed, 
the  potential  difference  between  the  oontact  era  of  the  potentiometer 
and  ground  would  produce  a  saw-tooth  wavs  on  the  oscilloscope  screen, 
the  photographs  representing  the  star  wheel  position  es  a  function  of 
time  were  obtained  by  taming-  up  the  oscilloscope  gain  and  triggering 
the  sweep  at  the  beginning  of  a  revolution  of  the  potentiometer.  Thus 
the  Photographed  trace  shows  the  position  of  the  star  wheel  es  e  function 
of  time  for  one  cycle  of  tha  verge,  the  slope  of  the  curve  being 
proportional  to  velocity. 

t’e  obtain  an  oscilloscope  trace  that  presented  the  relationship 
between  star  wheel  position  and  time  as  a  continuous  curve,  the  apparatus 
shown  by  diagram  d  in  Fig,  27  was  used.  A  disk  with  a  sector  cut 
in  It  was  attached  to  the  etar  wheel  shaft  ao  as  to  rotate  in  front  of 
an  arc  shaped  slit.  A  type  929  photocell  was  placed  in  a  bousing  behind 
this  arc  shaped  slit.  Fig.  20  shows  ct.thode  follower  clroult  used  with 
photo  oell.  If  a  light  beam  from  a  22  o.p,  source  uniformly  illuminate# 
the  portion  of  the  eeotor  disk  in  front  of  the  photocell  slit,  a  tri¬ 
angular  pulse  should  be  produced  as  the  sector  passes  in  front  of  the  slit 
at  constant  angular  velocity.  This  would  occur  if  ths  light  passing 
through  the  sector  Just  fills  the  slit  when  the  sector  and  slit  coincide. 

If  this  condition  is  not  met,  the  peak  of  tha  triangular  pulee  would  be 


9 

e 

© 


Ftq.  2Q  Cathode  fo/ lower  and 

photocell  c/rca/t  used  m  apparatus 
for  determ/ nat/on  of  star  whee/ 
pos/f/on  as  a  functron  of  t/me  . 
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out  off.  rtae  method  used  to  Insure  that  the  CRO  trace  accurately 
represented  the  star  wheel  position  as  a  function  of  tine  was  as 
follows.  The  verse  was  rcasvii  and  the  star  wheel  rotated  at  constant 
speed  by  a  pulley  system  from  a  motor,  The  light  bean  was  then  focussed 
on  the  sector  so  eo  to  give  a  trace  of  constant  slope  on  the  oscilloscope 
eereen.  ihe  sweep  time  of  tho  oscillograph  aay  tie  adjusted  to  show 
only  that  portion  of  tha  triangular  pulse  produced  ns  the  sector  cones 
In  11ns  with  the  slit. 


Tig.  it 9  shews  tha  linear 
pulse  when  the  wheel  moves  at 
uni form  Telocity  (lower 
phot  (.graph) . 

The  upper  curve  is  the  trace 
produced  by  the  wheel  in  the 
case  I_  ■  £098  gm.cm.  , 

Iw  ■  2079  gm.c*,2, 

T  ■  2.71  z  106  dyne  cm. 


n*^  £9 

Tig.  30  ia  a  photograph  of  tha  apparatus  as  described  above 
for  the  P.  E.call  method. 

,Cj  TBSSSS.  MOTION  AND  EQUILIBRIUM  CONDITIONS 

A  check  was  made  on  the  number  of  cycles  required  for  tha 
model  star  wheel  to  reach  equilibrium  conditions.  Chia  was  done  by 
attaching  a  phosphor  bronze  wire  to  the  verge  and  connecting  the  frame 
of  the  model  to  the  ground  of  the  CRO.  -"'wo  phosphor  bronze  wires  were 
arranged  on  opposite  sides  of  the  first  wire  bo  that  as  tha  verge 
oscillated^ the  center  wire  and  one  of  the  outside  wires  would  act  as  a 
switch  closing  a  oircuit  applying  a  potential  to  the  CRO  and  producing 
a  deflection.  After  a  half  cycle,  the  other  outside  wire  and  the 
center  acted  as  a  switch  to  apply  a  different  and  opposite  potential 
to  the  CRO  producing  a  different  deflection  in  '  ne  opposite  direction. 
If  the  deflections  in  successive  cycles  were  equally  speced,  terminal 
veloolty  of  tha  atar  v/heel  had  been  obtained.  The  CRO  sweep  was 
manually  triggered  Just  before  the  model  was  allowed  to  start. 
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(p)  tparom  moornr  wusvmtrm 

Various  j.oad*  nri  suspended  by  a  striae  attached  to  the 
wooden  driving  pulley,  thus  seouriae  -■  ranee  of  driving  terquos. 

Terminal  velocities  were  determined  from  measurements  o t  tine  required 
for  the  loads  to  fall  a  distance  of  140  ca.  Many  such  measurements 
were  aade  over  a  range  of  wheel  aamaats  and  verge  moaonta. 

In  a’’  of  the  above  mentioned  measureaenta  of  taralnal 
veloolty  the  drlv  .ig  lo^d  and  wheel  were  started  from  rest  and  no 
oorreotloa  was  male  for  ths  time  to  reach  terminal  velocity.  'I’he  correction 
was  found  to  be  negligible  since  the  wheel  aade  about  eight  revolutions 
la  ths  measured  time  and  calculations  showed  that  equilibrium  was 
reached  In  about  one- seventh  of  a  revolution. 


VI II.  LUX  CLOCK  MECHANISM;  DATA.  RESULTS.  SKRgRIMBWr 
{A)  THg  APPLICATION  OF  THEORY  TO  THE  LUC  CLOCK  MECHANISM, 
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In  reviewing  our  theory  ae  applied  to  the  model  wa  will 
remember  that  the  »t*r  wheal  was  considered  to  be  free  except  for  the 
constant  applied  torque  end  the  reaction  torque  applied  to  it  by  the 
▼erg e.  In  the  actual  mechanise  however,  there  ie  clearly  an  inter¬ 
action  between  the  star  wheel  and  the  remainder  of  the  gear  train. 

This  could  possibly  result  In  a  considerably  increased  effectlTe 
moment  of  Inertia  for  the  star  wheal.  True,  we  have  considered  that 
wheel  moment  plays  a  small  role  in  determining  6,  but  It  seems  necessary 
to  Investigate  the  aberre  situation  regardless. 


Gear  tram  of  l.  ux  c/cct-c  mechantsm 


FIG.  30 


Fig,  30  la  e 
schematic  diagram 
of  the  gear  train  of 
the  Lux  dock  mechanism. 
Clear  #  1  is  the  star 
wheel,  end  dear  #3  ie 
the  first  gear  in  the 
train.  Same  dock 
mechanisms  have  two 
intermediate  gears 
rather  than  one.  Wa 
shall  adapt  our  result 
to  a  general  case,  so 
that  the  situation 
ploturad  Is  sufficient 
for  our  purposes. 

f  3A  in  a  schematic 
representation  of  the 
torque  applied  by  the 
spring  to  the  first 
gear  wheel.  Similarly 
is  a  eohematlo 
representation  of  the 
torque  applied  By 


the  verge  to  the  star  wheel.  The  other  symbols  and  vectors  are  self- 
evident.  The  moments  of  inertia  of  the  three  gear  wheels  are  1^, 

I2,  and  I3  respectively. 


Pricing  differential  equations  of  motion 


for  three  gears  gives 


(lj  F^g  Ti 


-  Ii 


H 
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(*)  ■  in  *  *sfi  m^* 

(3)  I34  -  Fsa  s  •  *8 


Solving  simultaneously  give# 


-A"  '  ‘  [**& 


is _ 1  e 

!»“S12  J  ' 


whers  Mgx  “ 


—I" 


is  nothing  but  the  torqus  applied  to  ths  star  wheel  by 

tbs  sfrrlag  and  gaar  train,  and  is  tbs  torqus  oallsd  T  in  preoeeding 
work.  Ths  tsna  in  brackets  is  ths  offsetlve  moment  of  ths  star  wheel. 
Mo*  in  ths  mechanism  H-.  -  6,  lfcj£  -  7  approximately.  Clsarly  than, 
ths  sscoad  and  third  tins  in  tbs  brackst  ean  ba  neglected  slnos  I£, 

I3  ars  approximately  ths  sizs  of  Quits  dearly  this  Situation 
could  bs  rsadlly  generalized  to  a  number  of  gears  with  ths  anas 
conclusion. 

As  far  as  ths  sffsot  of  the  gear  train  on  ths  abed  is 
concerned,  the  theory  for  the  model  any  be  applied  unchanged  to  the 
dock  neohanlaa. 


(B)  C0MPAR130H  OF  KrPERXMEJTTAI,  AflD  TEKORBTICAL  M3TI0N3 

It  has  already  been  noted  that  ths  model  used  nas  scaled  up 
10  times,  which  results  in  scaling  up  the  Momenta  of  inertia  by  10s. 

If  ths  velocities  attained  in  the  model  were  to  bs  ths  setae  order  of 
magnitude  ae  those  sttainsd  by  the  actual  mechanism,  it  would  ba 
necessary  to  acale  up  the  applied  torgnes  by  a  factor  10s  ales. 

Rough  calculations  show  that  ths  terquos  actually  applied  in  the  model 
were  scaled  up  only  103  tines.  Hence  the  velocities  actually  attained 
in  the  model  were  mm  100  times  smaller  than  those  found  in  the  mechanism. 

How  we  ask  this  question.  Will  our  feilurt  to  use  large 
torquea  in  ths  modal  result  in  theoretloal  predictions,  thsoretical 
curves  in  particular,  which  will  not  bs  feund  experimentally?  The 
answer  is  yes,  but  not  basically  because  of  a  break  down  In  theoretical 


5fe/“  Wheel  Jbs/tton 
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calculations;  Recall  that  om  os  our  basic  assumption*  ms  that  tba 
time  during  which  a  collision  takes  place  is  iafiniteelmally  small, 
so  that  the  applied  torque  ms  ineffective  during  collision.  We  know 
that  this  le  not  true.  As  the  torque  increases  such  a  supposition 
leads  to  results  lass  trust  worthy.  For  example,  suppose  that  our 
theory  predicts  that  ths  instantaneous  collision  should  result  in  a 
reversal  of  direction  of  the  star  wheel,  as  always  does  happen  when 
Xy  le  two  or  more  tiroes  larger  than  1^.  In  actuality,  this  collision 
Is  dragged  out  over  several  milliseconds  so  that  ths  change  in 
reloolty  mentioned  above  does  not  take  plaoe  instantaneously.  Rather, 
the  applied  torque  acting  during  this  interval  preventa  the  reversal 
predicted  by  theory.  The  larger  the  applied  torque,  tba  greeter 
its  effectiveness  in  preventing  the  changes  In  velocity  predicted 
by  theory. 


Fig.  31  ng.  SB 

Pig.  31  is  a  skat ah  of  the  kind  of  curve  theory  predicts 
for  the  case  when  L,  31  ,  showing  that  the  wheel  backs  up  at  each 
Collision.  ^  7  * 

Fig.  32  is  an  experimental  record  of  the  curve  for  the 
clock  mechanism  for  the  same  aase.  A  comparison  of  the  curves 
indicates  how  the  physloal  situation  described  above  alters  the 
behaviour  of  the  star  wheel.  Ths  "backing  up”  tendency  of  the 
wheel  la  smoothed  out  es  the  result  of  the  effect  of  the  applied 
driving  torque. 
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Fig*  38  1*  a  photograph  of  a  CRo  trace  obtained  for  the  Lux 
clock  mechanism  using  a  photo  neii  *«  described  in  Section  VTI  for 
the  model,  The  Lux  dock  mechanism  wan  disassembled  and  Batching 
holes  drilled  through  t he  plat#  of  the  aeo nanism  that  support  the 
gear  train  and  through  the  star  wheel  itself.  Than  snail  pieces  of 
aluminum  foil  wsrs  glued  with  Duoo  oeeasnt  arount  the  edges  of  the 
hole  in  the  star  wfcssl  so  as  to  fora  an  arc  shaped  silt  in  ths  star 
wheel.  Aluminum  foil  was  similarly  usad  to  torn  aa  aro  shaped  slit  in 
one  of  the  base  plates  of  ths  meobanism.  After  reasaaohlisg  ths 
atehaai  ea,  it  m»  mounted  in  treat  of  the  9S9  photo  oell,  A  light 
beam  was  focussed  on  the  slit  as  shown  in  the  photograph  (Fig.  33), 

Xt>  be  sure  that  the  trace*  obtained  on  the  oscilloscope  screen 
presented  the  relationship  between  star  wheel  position  and  time, 
the  apparatus  was  run  at  oonstant  spaed  with  the  verge  removed.  To 
run  the  mechanics  at  oonstant  epeed,  the  spring  operated  driving 
gear  was  disengaged  and  an  auxiliary  pulley  driven  gear  used  to  drive 
the  neohaniera. 


(C)  PHYSICAL  UOIO-'AHTS  OF  THE  CLOCK  MBCHAKIBK 

Lux  clocks  having  nominal  times  of  1/2,  1,  1-1/2,  5,  and 
10  sea  were  used  to  obtain  data  on  driving  spring  torque,  mechanical 
advantage  of  gear  train,  static  star  '.  heel  torque,  terminal  velocities, 
limits  of  angular  motion  of  verge,  number  of  oycles  of  verge  for  star 
efeeel  to  raaob  terminal  velocity,  and  memento  of  Inertia  of  star 
wheel  and  verge. 

Terminal  velocity  of  the  star  wheel  was  measured  by 
counting  the  number  of  revolutions  of  the  star  wheel  and  estimating 
fractions  of  revolutions  in  the  complete  run  of  the  clock.  This 
number  was  divided  by  the  time  required  Tor  the  complete  run  aa 
measured  by  the  average  of  ten  time  measurements  made  with  an 
electric  seconds  timer. 

Terminal  velocity  of  the  star  wheel  was  also  obtained  by 
use  of  a  photo  cell  receiving  light  reflected  from  a  mirror  on  the 
star  wheel  at  each  revolution.  The  photo-cell  pulse  wa a  fed  to  CRO 
and  the  calibrated  aweap  time  was  used  to  calculate  the  terminal 
velocity,  t'hia  method  was  used  to  oheck  ths  other  method  which  was 
normally  used. 

The  spring  torque  In  each  clock  was  measured  by  a  lever 
arm  and  weight  arrangement. Measurements  were  made  with  gear  train 
disengaged  and  engaged  with  the  verge  out  of  the  dock. 

Static  star  wheal  torque  was  measured  by  a  lever  arm 
and  weight  arrangement  using  the  hub  on  the  star  ".'heel  as  the 
oylinder  on  whioh  to  wind  the  thread  from  which  the  weight  hung. 
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Th#  mechanical  advantage  of  th-  two  type#  of  gear  trains 
used  in  the  1/2,  1,  1*1/2,  6  and  10  mc  clock#  mi  calculated  from 
the  auabsr  of  tweta  in  each  (Mf. 

UoBMBta  of  inertia  of  atar  wheel  and  verge  war#  determined 
using  a  silk  thread  a#  th#  #u#p«nalon  and  a  pplyi&g  th#  torsi oa 
pendulum  wet hod.  Th###  values  checked  well  with  those  of  th*  modal 
^b#o  #  am  led  down  by  th#  faotor  of  10®. 

No  data  gathered  aa  outlined  above  la  recorded  bora.  It 
will  ba  referred  to  a#  needed  later. 


(P)  NUMBER  OF  CYCLBS  PRECKBPINO  EQUILIBRIUM 

A  beam  of  light  falling  os  a  photo  call  waa  Interrupted 
by  the  teeth  of  th#  rotating  star  wheel.  Th#  resulting  signal  cn 
th#  #ors«n  of  a  CFO  was  photographed  and  ahow»  aa  Hg.5^  . 


The  dletance  between  adjacent 
paaka  of  th#  trao#  Indicate  tin# 
intervals.  The  photograph  ahowe 
clearly  tnat  an  equilibria* 
condition  1#  reached  in 
approximately  3  cycle# .  Apparatu# 
•tarte  from  rest  at  left  side 
of  trace. 


fig.  34 

(B)  BMPBRICAL  EQOATIOH  fOR  TJOfflPlAL  VELOCITIES 


Recalling  the  empirical  equation  derived  for  the  model,  w» 
aak  if  a  similar  equation  oat  be  found  for  the  actual  uechaniam. 

In  order  to  check  auch  an  equation,  we  need  to  know  the  moment#  of 
Inertia  of  etur  wheel  and  verge.  Likewise  the  angular  speed  could  be 
determined.  The  moat  difficulty  le  met  when  we  attempt  to  measure 
the  torque.  Inspection  of  the  various  model#  of  the  mechprilcra 
indicate  that  th*  same  spring  Is  used  in  each.  However  there  Is 
oaasiderabi*  variation  in  the  measured  valueo  of  the  torque  applied 
to  the  atar  wheel.  Quit*  clearly  friction  between  spring  colls, 
between  gear  teeth,  and  at  shafts  ell  contribute  differing  amount# 
of  resistive  torque.  It  lc  not  at  all  surprising  that  our  experimental 
measurements  should  vary  widely. 

If  one  now  attempt#  to  sot  up  an  empirical  equation  of  the  form 

-.612  .112 

6  -  A  r*  Iy 


I 


t.’  ii'.  * 


r:us 
*  *' 


use  1  he  experimental  value?  of  9,  T  etc. 
hir  in  d  >?•:  e  fiDd 


in  order  to  aeteTiinc 


a  -  .lb  -  .018  b  .18  ±  lCfc 


approx i:  ate’  v.  !  ow  much  of  the  angular  deviation  ie  caused  by 
break  down  ji'  theory  is  problematical,  ihe  data  used  would  suggest 
that  the  nore  important  reason  for  the  large  deviation  lies  in  the 
lack  of  consistency  in  experimental  data  used  to  determine  A. 

"o  substantiation  of  the  follovdr^  statement  cm  be  made,  but  it 
is  prob-^’y  true  th*  t  if  better  experimental  data  were  available 
the  empirical  formula  would  predict  much  more  closely  the  true  values 
of  &. 
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on>»  must  use  the  experimental  values  of  8,  T  etc.  in  order  to  determine 

' f  this  is  d  >nr  e  find 

^  .U)  i  .018  =  .18  ±  10% 

apprcxi:  -ate1  v.  l-ow  much  of  the  angular  deviation  la  caused  by 
break  down  ~»f  theory  is  problematical,  the  data  used  would  suggest 
that  the  none  inpoi’tunt  reason  for  the  large  deviation  lie3  in  the 
lack  of  consistency  in  experimental  data  used  to  determine  A. 

No  substantiation  of  the  follovdr,?  statement  cun  be  made,  but  it 
is  probity  true  thvt  if  better  experimental  data  were  available 
the  empirical  formula  would  predict  much  more  closely  the  true  values 
of  *5. 


best  available  copy 
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AH*XD£X  A 

COUPLET*  30LUT1CS:  FOR  THE  MOTION  OF  THE  3 TOTEM 

Tbit  calculation  Is  begun  with  tht  assumption  that  the 
star  *Assl  and  verge  art  stationary  with  the  verge  in  the  squilibriu* 
position  and  tht  atar  wheal  I*,  'wading  contact ,  Tht  following  symbols 
till  be  used  throughout. 

0O  -  Angular  position  of  radius  rector  to  tip  of  star  wheal 
tooth  at  leading  contact  with  verge  in  equilibrium  position,  measured 
in  radians  from  the  osntsr  line  of  star  wheal  and  verge,  positive 
angles  being  measured  clockwise. 

-  Angular  position  of  radius  vector  to  tip  of  atar 
wheal  tooth  at  last  contact  leading* 

8S  *  Angular  position  of  radius  reotor  to  tip  of  star  wheel 
tooth  at  trailing  collision. 

*3  “  ®2 

0.  -  Angular  position  of  radius  vsetor  to  tip  of  s:sr  wheel 
tooth  at  last  contact  trailing. 

0g  ■  Angular  position  of  radius  vsotor  to  tip  of  star  wheel 
tooth  at  leading  collision. 

0ft  -  «5 

djjA  •  Angular  position  of  radius  vector  to  tip  oF  star 
wheel  tooth  in  trailing  contact  at  the  instant  the  star  wheal  resumes 
rotation  in  the  positive  sense  if  the  star  wheel  has  been  osused  to 
reverse  direction  upon  collision  with  the  verge. 

0gj  -  Angular  position  of  radius  vector  to  tip  of  star 
whssl  tooth  in  trailing  contsot  whan  star  whssl  rstunus  to  ths  position 
of  trailing  collision  with  a  positive  velocity,  e«,  Is  equal  to 
and  appears  only  in  ths  oase  where  the  trailing  collision  causes  s 
reversal  of  ths  star  wheal. 

efi  »  Angular  position  of  radius  vsotor  to  tip  of  star 
whssl  tooth  Tn  leading  contact  at  the  Instant  the  star  whssl  resumes 
rotation  in  the  positive  sense  after  a  leading  collision  which  has 
caused  reversal. 

0«j  *>  Angular  position  of  radius  vsetor  to  tip  of  star 
whssl  tooth  in  leading  contact  when  star  whssl  returns  to  ths 
position  of  leading  collision  with  a  positivs  velocity  and  is  equal 
to  0g. 
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0<a.-  Angular  position  of  tne  verge  at  trailing  collleion 
umaiiiimi  iu  .radian*  ire*  ima  equilibrium  poaitioo  of  the  v*rge,  positive 
angles  being  taeoeured  is  s  oouaterclaokwiB#  direction, 

C^JT-  Angular  poaitioo  of  the  Varga  at  leading  collision 
measured  in  the  sane  manner  t n  mt  ^  . 

-  Angular  velocity  ot  ator  wheel  at  laat  contact  laadlng, 
clockwise  velocities  being  positive. 

f 

©2  -  Angular  Veloolty  of  atar  wheel  juat  prior  to  trailing 

collision, 

e3  -  Angular  velocity  of  atar  wheel  Immediately  following 
trailing  oolliaion, 

64  -  angular  velocity  of  atar  wheel  at  1». st  oontact  trailing. 
@3  -  Angular  reloolty  of  atar  wheal  ^nat  prior  to  la/.iing 

oolliaion. 

•g  »  Angular  velocity  of  atar  wheal  immediately  after 
leading  oolliaion. 

6gg  •  Angular  reloolty  of  star  wheel  at  0^. 

a 

e^jj  •  Angular  velocity  of  liar  wheal  at  e^g. 

•  Angular  velocity  of  verge  at  laet  contact  leading* 
positive  verge  velocities  being  measured  in  a  counterclockwise 
direction. 

°<2  -  -  Angular  velocity  of  ver<e  Just  prior  to  trailing 

collision. 

-  angular  velocity  of  verge  laaediatrly  foil  owing 
trailing  collleion. 

•>  Angular  voloolty  of  vsrge  oorrespoudlng  to  the 
atar  .dioal  velocity 

»  Angular  velocity  of  verge  at  laet  contact  trailing. 

fK  3  -  Angular  velocity  of  verge  lmedlatoly  prior  to 
leading  oolliaion. 

"  Angular  velocity  of  verge  immediately  nfter  lei  ding 

oollieioa. 

a 

“  Angular  velocity  of  verge  oorreeponding  to  the  star 
wheel  velocity 
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K,  E’ ,  A,  3,  A’,  B’,  ^  ,  Y  f  “  donsWat#  determined 
from  the  spaas  relationship  curves, 

Y  -  Privis®  torque  (*se\"aed  oosetent)  applied  to  th»  *t*r 

*h*w]U 


If  »  ItxKmt  of  inertia  or  the  targe. 

Xy  -  Moment  of  Inertia  or  the  verge. 

©K  -  The  angle  1c  radians  between  the  radius  vector  to  the 
tip  of  a  tooth  at  leading  contact  to  the  radius  vector  to  the  tip  of 
the  tooth  which  makes  the  next  trailing  oontaot  (In  this  oust,  fiva 
tooth  spaoes)  and  is  always  considered  positive. 


©K*  *•  The  angle  In  radians  between  the  radius  vector  to  the 
tip  of  a  tooth  at  trailing  oontaot  to  the  radius  vector  to  the  tip 
of  the  tooth  whloh  makes  the  next  leading  oontaot  (in  this  aase,  four 
tooth  spaoes)  and  Is  always  considered  positive. 


points 


The  velocities  of  the  star  wheal  nnd  verge  at  the  various 
in  the  first  cycle  ere  Oaloulated  from  the  following  equations ! 


ZT 


la 


A0v  *  B 

A©0  7  B 


U) 


o^i  -  (e) 

After  last  oontaot  leading,  the  verge  oontinuss  to  turn 
with  a  constant  angular  velocity  equal  to  o<,  ,  while  the  at  a:.*  wheel 
Is  aooelerated  by  the  driving  torque.  The  positions  of  star  wheel 
and  verge  at  trailing  collision  oust  now  be  determined.  One  mstkod 
of  accomplishing  this  is  to  assume  a  value  and  oaleulat#  the  time 
lapse  between  last  contact  lending  and  trailing  collision  from  the 
equation: 

t  -  °k-  (3) 

C*  1 


The  corresponding  value  is  calculated: 

©2  -  |  ^  t2  ♦  ©:t  ♦  (©i-  ©*)  (4) 


This  point  (  o<2>  ®2)  lB  located  on  the  graph  of  <x.  vs.  © 
and  successive  values  of  *<  3  are  chosen  and  the  procedure  repeated 
until  the  point  lies  os  the  curve. 
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■be  »tar  wheel  and  verge  velocities  Just  prior  to  trailing 
collision  are  calculated  frcw  the  followings 


IT.  1 

*  qr*  v  ♦  ®i 

(0) 

U> 

Star  wheel  and  verge  velocltlea  iaaaediately  following 
trailing  collision  ora  given  by  the  equation*: 

L.bJU 

3  I„  -  k*it  y 

(7) 

(8) 

e 

In  the  event  that  the  value  of  65  as  determined  from  equation 
(7)  is  negative  a  reversal  of  the  direction  of  star  wheal  a*tloa  eooure 
and  it  becomes  neoeesary  to  determine  the  petition  at  which  the  etar 
wheel  oomee  to  rest  as  follows: 

0  A'§a  ♦  B1  A'^32  B* 

®3A  -  ■  jjr  ■  •  ”ar"  -  *r 

(9) 

following  this,  the  whsel  moves  in  s 
and  arrives  at  the  position  at  whloh  collision 
velocity, 

positive  direction 
occurred  with  a 

•  2  £T  A.’ftas 

®3B  “  aT  ln  A'eaA  ♦  B» 

(10) 

a 

This  velocity  ia  equal  to  minu M  83, 

The  wheal  driven  the  verge  until  the  position  of  last  contact 
trailing  is  reached,  at  which  point  '.he  velocities  are  determined 
es  follows: 

!  2  :  2  2T  A»8a  ♦  B* 

*«-*=»  **’■  u  vejB  .  B< 

(11) 

o<4  -  *  ®4 

(12) 

a 

If  the  velocity  83  as  determined  by  equation  (7)  la  positive, 
equations  (9)  and  (10)  are  not  used  an£  8^  and  9^  ln  equation  (ll) 
are  replaced,  respectively,  by  9S  and  83. 

following  last  oontnot  trailing  tbs  Ttrgi  eartlnuei;  to  rotate 
at  a  constant  angular  velocity  oqual  to  evl  4  while  the  wheel  la 
accelerated  by  the  driving  torque. 


“  f>$  - 


?l»e  point  of  leading  collision  oust  now  be  determined  n* 
in  the  case  of  tr»iii2g  sc  Hides  prwViuvieiy  discussed.  A  value  of 
«r  ii  chosen  and  th«  tjja#  lapse  between  lost  contact  trailing  and 
leading  collision  is  calculated  by  the  equation: 


li 

P 

y 


A 


t  - 


<*5  -  **, 

*?- 


®g  •  ~  ^r~  t 1  *  +  ft^t  *  ♦  { 8^  ♦  0^ 


(13) 


(14) 


Ae  before,  t.  *nt  la  located  on  the  graph  of  o(  re. 

9  and  the  value  of  <*^*0..  »d  until  the  point  llee  on  the  ourve. 

^he  eter> wheel  and  verge  velocities  just  prior  to  leading 
oollielon  nay  then  be  dataminad  ea  foil  owe : 


•  •  fiM 

65  "  ®4  4  X 


"  c<‘ 


(15) 

(16) 


Velocities  innedlataly  following  leading  oollielon  are 
then  calculated  by  the  equation#: 


e  -  is?, 5. 

6  X«r  ♦  KIt  t 


(17) 


(IB) 


Ae  In  the  trailing  collision,  If  the  value  of  (*6  ae  given 
by  equations  (17)  la  negative,  the  poaltlon  at  which  the  etar  wheel 
acme  a  to  rest  la  dataminad  f^om  the  following: 

-  e  TV  -  £ 


6A 


(19) 


The  velocity  reached  by  the  star  wheel  upon  arrival  at  the 
poaltlon  of  oollielon  is  equal  to  alnu*  Sg  enu  a «y  be  checlced  by 
the  following: : 


•5  - 


9&B 

^6fl 


A 8fiA  «  B 


6B 


(80) 

(81) 


Thla  owpletee  vfcat  le  considered  to  be  the  first  oyols  of 
verge  notion.  As  in  the  oaae  of  trailing  oollielon,  equations 
(19),  (20)  and  (£1)  are  used  only  when  aquation  (17)  gives  a  negative 
value  of  8g. 


4A~  *  •-** 


tmwi 
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To  eslcuists  ths  vslocitlss  st  ths  various  points  is  the 
eeoccut  cycle,  one  proceeds  as  follows.  The  slur  riwl  velocity  st 
Iset  oontaot  leading  Is  determined  from  the  following  equation: 


©,E  .  ^  ^ 

X  ♦  B 

lxu i  tbs  corresponding  verge  velocity  is: 

at*  *  Y  e. 


(22) 


(28) 


Troti  this  point  ea,  tbs  calculation  piveeede  exactly  as 
indicated  in  tbs  first  cyols,  and  sach  subsequent  cycle  follows  ths 
pat tarn  of  tba  second  cyols.  Wfesn  tbs  point  is  reached  at  which  saoh 
raloolty  calculated  for  n  oyola  is  tbs  same  as  that  obtained  in  tbs 
proceeding  cycle,  ths  star  wheel  is  ooaeidered  to  bars  rsaohad  a 
oonsta&t  average  Tslooity.  Xt  is  worth  noting  that,  for  all  oasss 
oonaidsrad  up  to  ths  prwssnt  tins,  this  has  ocourrsd  by  ths  fourth 
cyols. 


After  ths  system  raaohae  a  constant  average  Tslooity  ths 
star  whaal  and  Tsrga  Tslooitlaa  at  tha  various  points  in  the  cyols  ara 
plot tad  against  angular  rotation  of  ths  star  wheel.  A  convenient 
seals  is  obtalnsd  by  considering  tha  star  wheal  to  bs  in  tbs  reference 
or  zero  position  at  ths  position  of  loading  collision.  In  moving 
from  tha  position  of  loading  oollision  to  ths  position  of  last  oontaot 
landing,  tha  star  whaal  must  turn  through  an  angle  aqual  to  tha  dlffarsnoa 
bat  wo  on  06  and  0^.  The  rslocitiss  of  star  viheel  and  verge  at  last 
contact  laadlxtt  era  plottad  at: 

©*!  -  -  «6  <&i) 

Since  tha  angla  0.  at  last  contact  loading  is  rsf erred  to 
tha  tooth  In  leading  contact  sod  tha  angla  0£  ,t  trailing  oollision 
is  raferred  to  a  different  tooth  at  an  anfle*0fc  from  ths  tooth  in 
leading  oontaot,  ths  velocities  o<  g  and  ©g  are  plotted  at  a  point: 


0g'  -  »i'  +  (0K  -  ©i  ^  ©2)  (25) 

Plotting  points  for  subsequent  vslooltiss  are  determined 
r .«  follows: 

©3'  -  ©£f  (26) 

®3A'  "  V  "  <«3  “  ®1A}  {87) 

SSB’  *  ®3’  (M) 

V  -  ®3’  *  («4  -  ®a)  (29) 


♦5*  -  »i' 

*  *D  ~  V  -  ** 

(30) 

•a*  -  •»* 

(31) 

•u'm  V 

"  (*6  -  •fiA) 

(SO 

•»*  "  *e 

(S3) 

As  him  ay  intanaadiata  point*  «t  niriwianvy  to  draw  ’  he  ourve 
are  calculated  as  follow,  la  the  region  froa  the  origin  to  6'i, 
intermediate  points  •  distance  A  ©  from  the  origin  are  determined 
from  the  equation 


•£  .  ©  2  4  la  ©1  .♦.  B  (3*) 

6  jT  A(®g)  4  8 

In  the  region  froa  to  ©,',  intermediate  points  ©•, '  4  e 

are  given  by: 


®fi  -  ©i2  4 

•  w 


(3D) 


In  the  region  froa  ©3'  to  ©^  intermediate  points  at 


03*  4  A  ©  are  given  by: 


©2  .  e3E  4  |rr  in  ♦Ag),.t»l  (36) 


A*  «3  4  B* 


end  in  the  region  froa  ©4'  to  es\  Intermediate  points  at  ©  »  4^© 
are  calculated  froa  the  eauatlon: 

®2  «  ©42  4  |T •  A®  (3?) 

Under  the  condition  that  the  star  *heel  is  reversal  following 
e  ti*l ling  collision  intermediate  points  in  the  region  ©»'  to  e^A  to  ©33' 
an intarv el  a©  froa  ©34*  may  be  determined  froa  the  follenrlngt 


© 


£ 


£T  lB  AU£si  A*. Sis-*:,, 

A  111  A'©34  4  B* 


(38) 


In  this  case  the  positive  and  negative  roots  are  both  used, 
the  positive  root  yielding  a  point  on  the  curve  between  ©34'  and  0jB» 
and  the  negative  root  a  point  batwaen  ©3*  and  03a* 


If  the  leading  collision  oausss  a  reversal  of  the  star 
*heel,  points  between  ©*',  ©g^*  and  ©ga*  a  distance  A©  from  ©gA'  can 
<>e  calculated  in  a  similar  manner  frca  the  equation: 

©2  -  2  r  in  A(©6a  *  Al  ©)  *  B 
^  r»6A~  B 


(39) 


AWOmrr  B 


short  }&Tik)[)  soMrrrnu  fop  ths  mctich  or  nan  ZTsr&e 

Xt  It  r«4l<|l ly  Obaidr^r®{|  that  fit m  asUuI.iim.  .a jl.  .  * 

f  b>' ■***  j«t  r;i^;^“tSiS:rt3rA 

*h*"  U  1#  *tao8BBn’  to  Calcutta  thla  waloeity  for 

*  °^v,r*“  «a4  »t«r  manta  aid  to rquu.  In 

tb*M  calculation*  by  tba  lo«  Bathos,  it  will  b#  not*4 
that,  for  star  *h##li  and  warg#  combiwttioaa  with  tha  mo*  aha  pad 
urfacas,  th*  v*fg#  and  gtfty  wfceai  angles  at  trail!**  Mllirtra, 

**'*  “d  ®fc»  *Cli  tha  oorrwapqndin*  euiii  at  leading  collision 
o^sana  •-  ar*  wary  warly  aonstant  attar  tindul  walooity  i» 
raachad.  Thas#  walua*  ar*  fou»d  to  ba  nearly  ooaatant  irrespaotiFe 

t  v0f  th*  y***'  and  ,Ur  whMl  “•«**  of  lMrtU. 

?».  *  OOMt“*  to  a  Imi  laborious  at  hod  of 

l  0“af  bh*  ttT»W  raloolty  of  th.  atar  wheal.  Thla  awthod 
or  calculation  la  outlined  balow. 

°B0®  th*  of  6f>  iaa  ®ft  »*•  aatabliahad  by  tha  previous 

aathod  of  calculation,  tha  following  constants  am  avaluatod. 


c,  -  52*  1»  a  eL  4  B 
*  a  e6  *  b 

(40) 

C2  “  (®K  **  ®1  ♦  ®£) 

(41) 

C3  -  -K*^  f 

(42) 

C4  “  Tw  *  «*Iv  r" 

(to) 

C.  -  In  A'd*  4  B’ 

A»  A’eg  4  B* 

(44) 

c6  *ZT  (e5  -  es*  -  eJ 

*W 

(IB) 

c7  -  Ki^r' 

(44) 

ce  -  iw  4  kit  r 

(47) 

Now  a  valua  of  e6 
following  Leading  oollisi 
aubeoquant  points  in  tha 


,  tho  atar  whaal  Ttlooity  ittoediately 
on,  la  assumed  and  t'ia  veloclU.>a  at 
cyol*  ar#  caloulatad  from  tha  followi^t 


•,*  "  **8  *  C1 


i  a  *  * 

**  ■  *1  +  °t 


0.  *  2£uii£L 


•4*  -  *a*  -  c» 


*  C  *  • 

•b  *  ®4  ♦  c« 


la  all  probability  tha  ralua  of  0g  ao  obtained  Wl  11  not 
agree  with  the  ralua  aaauMad.  Oeing  tha  new  ralua  of  e4  aa  tha 
Initial  condition  and  repeating  tha  preeeae  Kill  la  aoat  oaeaa 
yield  a  oloaad  cycle  eery  quickly. 

following  thla,  tha  aaoaaaary  Interned!  eta  point  a  to  plot 
a  ourra  of  atar  a*aal  ralaotty  raraua  atar  eheel  angular 
dleplaoeaent  ere  calculated  aa  before,  and  tha  araruga  eelooity 
af  tha  atar  wheel  la  dettredned  aa  prarloualy  indicated. 
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